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The analysis of the interaction between transport phenomena and chemical reaction
inside large-pore catalyst particles needs to include intraparticular convection as an
additional mass/heat transfer mechanism. In this work, we describe by a 3D regime
diagram the global behavior of a permeable catalyst slab, where an exothermic,
zero-order reaction is occurring. An order of magnitude estimate for the maximum
temperature change is obtained by scaling techniques in each regime of operation.
Specific operating regimes of fast mass/heat transport, dominant reaction and strong
intraparticular convection, are then studied in more detail using perturbation analysis.
The results include approximate concentration and temperature profiles, which allow
the estimation of both the effectiveness factor and maximum temperature attained
inside the catalyst in these regimes. VVC 2009 American Institute of Chemical Engineers
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Introduction

‘‘Large-pore’’ materials have been used in several reaction
and separation engineering applications, namely as catalyst
supports, HPLC packings, ceramic membranes, or supports for
mammalian cell culture and biomass growth. The interest in
using these permeable materials arises from the nonnegligible
convective contribution to the total transport rate inside the

particle when subjected to a pressure difference, as first recog-
nized by Wheeler.1 The presence of convective flow within
the pores of a coarse-grained pellet was found to reduce inter-
nal mass transfer resistance, only when kinetics just becomes
diffusion controlled.2 The enhancement observed in a catalyst
particle was quantified analytically for isothermal first2 and
zero-order reactions (slab3 and spherical4 geometries). These
two simple reaction rates constitute the two well-known limits
for the Michaelis-Menten equation, used to describe consump-
tion of substrates in biological media.

Large-pore materials provide indeed easy access for cell
attachment and growth, but cell culture scaffolds are
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severely limited by diffusional resistance, which coupled
with low diffusivity and solubility in liquid-phase, make
nutrients (such as oxygen) poorly available. The importance
of convective flux through carriers with large pores has been
noticed for antibody production,5 cell seeding in perfusive
bioreactors6–11 and plant root cultures for production of
pharmaceuticals and flavors.12 The zero-order reaction
kinetics is frequently used to model oxygen uptake rate,
because the Michaelis-Menten constant can be much lower
than the bulk concentration value (Fassnacht and Pörtner5

and Prince et al.12).
Most of the modeling work hitherto has been focused

exclusively on isothermal conditions. However, many (bio)-
chemical reactions are strongly heat generating, and the
common assumption of negligible internal temperature gra-
dients has to be carefully evaluated. In what concerns the
problem of intraparticular convection, diffusion, and reaction
under nonisothermal conditions, most studies at particle level
have been numerical.13,14 Cardoso and Rodrigues15 presented
a perturbation analysis for nonisothermal first-order reaction
in a permeable catalyst slab. This work intends to extend the
approximate analytical analysis to zero-order reactions. The
purposes of this approach are as follows: (1) to define oper-
ating regimes and understand the transitions between them;
(2) to provide the approximate effectiveness factor for each
regime; and (3) to estimate the maximum temperature
attained inside the catalyst. An improved understanding of
convective enhancement on the performance of porous par-
ticles as catalysts/supports, coupled with nonisothermal
effects, is extremely relevant for reactor design and carrier
structure optimization.

Operating regimes

Governing equations and model parameters

We adopt a one-dimensional steady-state model for mass
and energy transport in a permeable catalyst slab, under-
going an exothermic zero-order reaction, in an uniform flow
field (with a priori specified superficial fluid velocity, u).
The conservation equations are as follows:

dc

dx
¼ 1

Pem

d2c

dx2
� /2

Pem
r Tð Þ (1)

dT

dx
¼ 1

Peh

d2T

dx2
þ /2

Pem
b
Pem
Peh

T̂s

DT̂
r Tð Þ (2)

subject to

c x ¼ �1ð Þ ¼ 0 (3)

and

T x ¼ �1ð Þ ¼ 0 (4)

where the concentration of reactant (ĉ), temperature (T̂), and
transverse position within the slab (x̂) were nondimensiona-
lized as follows16:

x ¼ x̂

L
; c ¼ ĉ� ĉs

ĉs
; and T ¼ T̂ � T̂s

DT̂
: (5)

The characteristic length scale is the slab half-thickness Lð Þ
and the correct scale for temperature deviation from its surface
value, DT̂, is so far unknown. The dimensionless groups in
Eqs. 1 and 2 are the Thiele modulus /2 ¼ L2ks = ĉs Dð Þ� �

, Prat-
er’s parameter b ¼ �DHð ÞD ĉs

�
qCp j T̂s
� �� �

, and the intra-
particular mass and heat Peclet numbers (Pem ¼ u L=D and
Peh ¼ u L=j). The intrinsic kinetic constant at surface
conditions and the heat of the exothermic reaction are denoted,
respectively, by ks and �DHð Þ. The properties for the fluid and
solid phases are taken to be uniform. Therefore, the effective
reactant mass diffusivity D (which takes into account particle
porosity and tortuosity) and the fluid-filled catalyst effective
thermal diffusivity j ¼ k

�
qCp

� �
, and hence the Lewis’

number Le ¼ j=Dð Þ, are fixed for a given system. Also, the
density of the catalyst matrix filled with fluid (q) and its
specific heat (Cp) are constant. Surface conditions are denoted
by the subscript s.

The reaction term r Tð Þ in Eqs. 1 and 2 is only operative if
reactant exists:

r Tð Þ ¼ exp u T
1þgT

h i
; c > �1

0; c ¼ �1

(
(6)

where g ¼ DT̂
�
T̂s and u ¼ c g are at most of O 1ð Þ. The

Arrhenius parameter, c ¼ Eact

�
R T̂s
� �

, is related to the reaction
activation energy Eact and is referred to the surface
temperature value T̂s.

Effectiveness Factor. A measure for the overall perform-
ance of the catalyst slab is given by the effectiveness factor,
which compares the average reaction rate with the one
observed if reactant concentration and temperature in the
whole particle equal surface conditions. We seek to under-
stand the enhancement brought to this quantity which can be
defined as

Eff ¼ 1

2/2

dc

dx

����
x¼1

�dc

dx

����
x¼�1

� �
: (7)

Scaling and regime diagram

We want to describe the behavior of the catalyst slab in
regimes where two important processes balance at a global
scale, that is, x � O 1ð Þ. Examining Eq. 1 with r Tð Þ � O 1ð Þ,
the following possibilities arise:

(a) Dominant convection and diffusion for Pem � 1 and
/2

�
Pem\\1,

(b) Dominant diffusion and reaction for Pem\\1 and
/2 � 1, and

(c) Dominant convection and reaction for Pem >> 1 and
/2

�
Pem � 1.

Also, limiting regimes in which only one mechanism
dominates are conceivable. Because the only two
parameters at play are Pem and /2, this information
concerning mass conservation can be represented in a
/2 � Pem plot.
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Isothermal Zero-Order Reaction in a Permeable Catalyst
Slab. For an isothermal system, exact analytical solutions
are available.3 The calculation of the effectiveness factor and
the condition that separates the situation of reactant exhaus-
tion from the one where no concentration annulment occurs,
are of particular interest. These important results are
represented in Figure 1. For representation convenience, we
choose a factor of 10�2 to express smallness in the above
magnitude relations. The regions where the system behaves
globally as purely diffusive, convective, or reactive are
shown, and the regimes described by a dominant balance
between any of these two (gray areas). The thick-black line
separates the parametric sets that lead to concentration
annulment anywhere inside the particle from the situations
where no reactant exhaustion occurs. This line of
/2;Pem
� �

crit
is also the iso-effectiveness factor curve for

Eff ¼ 1, when reactant concentration reaches zero only at a
single point inside the slab. We note that when concentration
annulment occurs over a finite region, then the effectiveness
factor is smaller than one. For /2;Pem

� �
\ /2;Pem
� �

crit
, no

annulment occurs and Eff ¼ 1. Outside this region, catalyst
performance decreases with increasing Thiele modulus, as
shown by the curves of constant effectiveness factor in the
/2;Pem
� �

plane. When Pem ! 0, this boundary tends to the
well-known diffusive limit of /2

� �
crit
¼ 2, and for /2 > 2,

the iso-effectiveness factor curves approach the value
Eff ¼ ffiffiffi

2
p �

/ when Pem ! 0. The effect of convection is visi-
ble for high Pem, increasing the effectiveness factor for a
given /2 (and also the value of /2

� �
crit

needed to achieve
annulment), that is, the overall content of reactant inside the
slab increases. The region around the gray lines represent the
transition zone, above which, the effect of increasing the Pec-
let number (and therefore, convection) is particularly noticeable
(this approximate criterion on will be derived later).

Scaling for Temperature Change in Exothermic
Systems. To study nonisothermal systems, in which b and c
are fixed, we have to consider the intraparticular heat Peclet
number, Peh (through the Lewis number, for example), in addi-

tion to /2 and Pem. A 3D regime diagram can be constructed
by adding this third axis (Le ¼ Pem=Peh), as shown in Figure 2.

An order of magnitude estimation and scaling for the
characteristic temperature change, DT̂, can be obtained by a
balance between the terms corresponding to the dominant
effects in the energy balance.17 To compare the magnitude
between all terms in Eq. 2, we introduce a generic small
parameter e, which will express the relations between the
dimensionless groups. Therefore, DT̂

�
DT̂ad � e/2

�
Pem,

e�1 /2
�
Pem

� �
, or /2

�
Pem, when Peh � e, 1, or e�1, respec-

tively (we shall take >> /2
�
Pem as being � e�1 /2

�
Pem

� �
).

In Figure 2, the results of temperature scaling in the
planes of small and high Pem or /2 are shown, and, for
Le � e. Because for a given system, the Lewis number is
approximately constant, we show in detail the planes for Le
of order 1, e, and e�1 (Figure 3). The boundaries between
each region are schematic.

The indicated characteristic temperature changes are
observed at an O 1ð Þ scale inside the catalyst, and they
account for the existence of reaction throughout the slab.

Figure 1. Regime diagram for convection, diffusion and
zero-order reaction in an isothermal catalyst
slab (analytical results from Rodrigues et al.3).

The boundary shown as a thick black line separates the sit-
uations of no reactant exhaustion (where Eff ¼ 1) from the
annulment region (where some iso-effectiveness factor
curves at Eff\1 are represented).

Figure 2. 3D regime diagram for convection, diffusion,
and exothermic reaction in a catalyst slab.

The regions marked as isothermal present very small devia-
tion from surface temperature. The adiabatic (ad.) limit is
related to the characteristic temperature change under diffu-
sive conditions (diff., DT̂dif ¼ b T̂s) by the Lewis number:
DT̂ad ¼ DT̂dif Le. When DT̂ >> DT̂ad;DT̂dif , ‘‘explosion’’
(expl.) occurs. (a) Le ¼ e;Pem ¼ e; and /2 ¼ e planes. (b)
Pem ¼ e�1 and /2 ¼ e�1 planes.
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However, the existence of a reactant limitation (which puts
an end to the heat-generating reaction) stops the increase of
temperature. To obtain a correct estimate for temperature
change, ‘‘active’’ regions of thickness much smaller than 1
have to be considered (because the solution already includes
an O 1ð Þ branch from Eqs. 1 to 2 with r Tð Þ ¼ 0). For
example, in the identified ‘‘explosive’’ regions, the maxi-
mum temperature predicted in each one of the Le ¼ constant
planes decreases from DT̂ � DT̂ad e�1 to DT̂ad and then to

DT̂ad e, when Lewis number increases (Le � e; 1; e�1). This
can be explained by the increasingly stronger heat loss by
conduction to the cold boundaries, when compared with spe-
cies diffusion rate to the reactive zones.

Because the rest of this work focuses on the particular case
of Le � 1 (Figure 3a), we take DT̂ad as a scale for tempera-
ture change in the regimes of slow and fast reaction (Regime I
and II, respectively) and strong intraparticular convection
(Regime III). With this scale, Eqs. 1 and 2 become:

dc

dx
¼ 1

Pem

d2c

dx2
� /2

Pem
r Tð Þ (8)

dT

dx
¼ 1

Pem

Pem
Peh

d2T

dx2
þ /2

Pem
r Tð Þ (9)

The reaction term was assumed of O 1ð Þ

r Tð Þ ¼ exp
u T

1þ gT

� 	
¼ exp

c bLe T
1þ bLe T

� 	
� exp c b Le T½ �

for Le and T � O 1ð Þ. The product cb can also be taken close to
unity for common exothermic reactions,18 because b rarely
exceeds 0.3 and the typical range for c is � 10� 30.

Perturbation analysis

The limiting cases discussed in the previous section can
be analyzed in more depth by considering appropriate pa-
rameter regimes and conducting a perturbation analysis.19

The results in the present work apply to Le � O 1ð Þ and they
intend to approximate the full solution of the complete prob-
lem in the limits of: fast mass/heat transport (Regime I),
dominant reaction (Regime II), and strong intraparticular
convection (Regime III). The diffusive regime for an
exothermic zero-order reaction (diffusion-reaction gray area
in Figure 3 and Pem ¼ 0 plane in Figure 2a) was studied,
among others, by Frank-Kamenetskii,20 Hlavacek and Marek21

and Aris,22 and will be used to validate our solutions.

Regime I (Chemical regime)

When transport mechanisms are much faster than chemi-
cal reaction, concentration and temperature inside the slab
depart little from its surface values (Figure 4). This corre-
sponds to the case when Thiele modulus is low and to the
classic chemical regime, in the presence of convection.

We take e ¼ /2
�
Pem as perturbation parameter and look

for regular perturbation solutions of Eqs. 8 and 9, under the
following conditions:

/2

Pem
\\1;

1

Pem
;
1

Peh
(10)

Also, in this regime, concentration annulment is not
expected to occur, so the appropriate form of Eqs. 8 and 9
takes into account the reaction term. The uniformly valid
solutions are assumed to be of the following form:

Figure 3. Regime diagram for exothermic reaction
inside permeable porous catalyst slab (planes
for Le of order 1, e, and e�1).

(a) Le � 1 (DT̂ad � DT̂dif ); (b) Le � e (DT̂ad � eDT̂dif ); and
(c) Le � e�1 (DT̂dif � eDT̂ad).
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c x ; eð Þ ¼
X1
n¼0

cn xð Þ en (11)

and

T x ; eð Þ ¼
X1
n¼0

Tn xð Þ en (12)

The effect of reaction is felt at O /2
�
Pem

� �
, but because it

is calculated from surface conditions (zero-order solution,
c0 xð Þ ¼ 0 and T0 xð Þ ¼ 0), the order of the reaction is, so far,
irrelevant. Therefore, the solutions up to O eð Þ equal the ones
obtained by perturbation techniques15 for first-order reaction:

c xð Þ ¼ /2

Pem

2 ePem xþ1ð Þ

e2Pem � 1
� e2Pem þ 1

e2Pem � 1
� x

� 	
þ O

/4

Pe2m

� �
(13)

T xð Þ ¼ /2

Pem

2 ePeh xþ1ð Þ

1� e2Peh
þ e2Peh þ 1

e2Peh � 1
þ x

� 	
þ O

/4

Pe2m

� �
: (14)

Equation 13 reproduce the solution for the problem of
convection, diffusion, and isothermal zero-order reaction in a
slab,3 as no information regarding the nonisothermal behav-
ior of the system is included. Nevertheless, the two-term
expansion is enough to represent concentration and tempera-
ture profiles accurately.

Concentration and temperature profiles (Eqs. 13 and 14)
are represented in Figure 5. Numerical results obtained with

gPROMS23 are also plotted. The agreement is especially
good for e � 0:01.

For an exothermic reaction, the maximum temperature
occurs at:

xmax ¼ �1þ 1

Peh
ln

e2Peh � 1

2Peh

� 	
(15)

whereas the minimum concentration occurs at

xmin ¼ �1þ 1

Pem
ln

e2Pem � 1

2Pem

� 	
: (16)

xmin and xmax are, in general, distinct (as long as Le 6¼ 1).
The minimum concentration value in this regime is of order
e, and is given by:

cmin ¼ � /2

Pem

2

e2Pem � 1
� 1

Pem
þ 1

Pem
ln

e2Pem � 1

2Pem

� �� 	
: (17)

Figure 4. Schematic concentration and temperature
profiles in a permeable catalyst slab, where
an exothermic zero-order reaction occurs.

The regimes studied are slow and fast reaction (Regime I
and II, respectively) and strong convection with and without
(Regime IIIb and Regime IIIa, respectively) concentration
annulment.

Figure 5. Comparison of the perturbation solutions
(Eqs. 13 and 14, dashed lines) with numerical
results from gPROMS23 (solid lines) for c 5
20, b 5 0.1, Pem 5 10, Peh 5 5, and /2 5 0.1
(e 5 0.01) or /2 5 0.5 (e 5 0.05).

(a) Reactant concentration profile. (b) Temperature profile.
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Because thermal effects do not affect the concentration
profile for weak reaction conditions, Eqs. 16 and 17 repro-
duce the isothermal results,3 when no annulment occurs. An
estimate for maximum temperature will be given later.

Regime II (Diffusional regime)

The regime in which reaction is fast compared with transport
mechanisms appears for large Thiele modulus. To study this
diffusional regime (in the presence of convection), we set the
perturbation parameter to e ¼ Pem

�
/2. Under the conditions:

/2

Pem
>> 1;

1

Pem
;

1

Peh
(18)

the solution to Eqs. 8 and 9 is obtained by conducting a
singular perturbation analysis. We expect boundary layers to
occur near the slab surfaces, where reactant concentration
decreases and temperature increases sharply from the middle
solution to surface values (Figure 4).

Middle Region. The outer reduced problem from Eqs. 8
to 9 with the chemical reaction term has no physical
solution. Consequently, chemistry-free equations should be
used in this region. They are written as:

cm xð Þ ¼ �1 for x0 � x � x�; (19)

dTm

dx
¼ 1

Peh

d2Tm

dx2
for x0 � x � x�: (20)

The solution of Eq. 20 is intended to represent the tempera-
ture profile in the region where reactant disappears (between
x0 and x�). Additionally, boundary layer regions at x ¼ �1
bring surface temperature to match the middle region profile.
Also, continuity in profile and in the flux (i.e., null derivative)
is required at x0 or x� (where the maximum temperature
occurs). Therefore, a reasonable simplification for the middle
section temperature is a plateau at its maximum value:

Tm x; eð Þ ¼ Tmax eð Þ ¼ Tmax
0 þ Tmax

1

ffiffi
e

p þ O eð Þ: (21)

Right Boundary Layer. At the inner layer near x ¼ 1, the
reaction-diffusion distinguished limit suggests the following
stretching transformation:

X ¼ 1� xffiffi
e

p : (22)

Equations 8 and 9 then become:

1

Pem

d2cr

dX2
þ ffiffi

e
p dcr

dX
� exp

uTr

1þ gTr

� 	
¼ 0 for 0� X � X� (23)

1

Peh

d2Tr

dX2
þ ffiffi

e
p dTr

dX
þ exp

uTr

1þ gTr

� 	
¼ 0 for 0� X� X� (24)

subject to boundary,

cr X ¼ 0ð Þ ¼ 0 (25)

and

Tr X ¼ 0ð Þ ¼ 0 (26)

profile continuity,

crn X�ð Þ ¼ cmn x�ð Þ ¼ �1; n ¼ 0

0; n � 1



(27)

Tr
n X�ð Þ ¼ Tm

n x�ð Þ ¼ Tmax
n (28)

and derivative continuity conditions,

lim
e!0

dcr

dX

����
X�;e

¼ 0 (29)

lim
e!0

1ffiffi
e

p dcr

dX

����
X�;e

�dcr

dX

����
X�;e¼0

" #
¼ 0 (30)

(similar equations similar to 29 and 30 should be written for
temperature profile, Tr Xð Þ).

Left Boundary Layer. At the slab’s ‘‘entrance," the
proper rescaling is given by:

Y ¼ 1þ xffiffi
e

p (31)

predicted from the diffusive-reactive nature of the boundary
layer (same reasoning as for the boundary layer on the right).
The equations for this region are as follows:

1

Pem

d2cl

dY2
� ffiffi

e
p dcl

dY
� exp

uTl

1þ gTl

� 	
¼ 0 for 0 � Y � Y0 (32)

1

Peh

d2Tl

dY2
� ffiffi

e
p dTl

dY
þ exp

uTl

1þ gTl

� 	
¼ 0 for 0� Y � Y0 (33)

subject to:

cl Y ¼ 0ð Þ ¼ 0 (34)

and

Tl Y ¼ 0ð Þ ¼ 0 (35)

cln Y0ð Þ ¼ cmn x0ð Þ ¼ �1; n ¼ 0

0; n � 1



(36)
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Tl
n Y 0ð Þ ¼ Tm

n x0ð Þ ¼ Tmax
n (37)

lim
e!0

dcl

dY

����
Y0;e

¼ 0 (38)

lim
e!0

1ffiffi
e

p dcl

dY

����
Y0;e

�dcl

dY

����
Y0;e¼0

" #
¼ 0 (39)

(similar conditions for temperature profile Tl Yð Þ are written in
analogy with Eqs. 38 and 39).

Approximate Concentration and Temperature Profiles.
After solving the set of Eqs. 23–30 and 32–39, it is possible
to describe the concentration and temperature profiles by
branches:

c x; eð Þ ¼

P1
n¼0

cln xð Þ en=2; �1 � x � x0

�1; x0 � x � x�P1
n¼0

crn xð Þ en=2; x� � x � 1

8>>>><
>>>>:

(40)

T x; eð Þ ¼

P1
n¼0

Tl
n xð Þ en=2; �1 � x � x0

Tmax eð Þ; x0 � x � x�P1
n¼0

Tr
n xð Þ en=2; x� � x � 1

8>>>><
>>>>:

(41)

with X� ¼ 1� x�ð Þ= ffiffi
e

p ¼ P1
n¼0 X

�
n e

n=2 and Y 0 ¼ �1þ x0ð Þ=ffiffi
e

p ¼ P1
n¼0 Y

0
n e

n=2.
After expressing the nonlinear term in Eq. 6 by a

Taylor series around e ¼ 0, and making the following
approximations:

exp
uTr

0

1þ gTr
0

� 	
� b2 (42)

uTr
1

1þ gTr
0

� �2 exp uTr
0

1þ gTr
0

� 	
� d (43)

and

u Tl
1

1þ gTl
0

� �2 exp uTl
0

1þ gTl
0

� 	
� f (44)

it is possible to find simple analytical solutions to the sub-
problems arising from Eqs. 23, 24, 32 and 33. At leading
order, these solutions are as follows:

cr0 Xð Þ ¼ � X

X� þ
Pem b2

2
X � X�ð ÞX (45)

Tr
0 Xð Þ ¼ Tmax

0

X

X� �
Peh b

2

2
X � X�ð ÞX (46)

cl0 Yð Þ ¼ � Y

Y0 þ
Pem b2

2
Y � Y 0ð ÞY (47)

Tl
0 Yð Þ ¼ Tmax

0

Y

Y0 �
Peh b

2

2
Y � Y 0ð ÞY (48)

with

Tmax
0 ¼ Peh

Pem
; (49)

X�
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2

Pemb2

r
; (50)

and

Y0
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2

Pemb2

r
: (51)

Finally, the concentration and temperature profile correc-
tions at O

ffiffi
e

pð Þ are as follows:

cr1 Xð Þ ¼ Pem
2

X X � X�ð Þ X� þ d � b2Pem
3

X � X�

2

� �� 	
(52)

Tr
1ðXÞ ¼

X

X�

(
Tmax
1 � PehðX � X�Þ

� Tmax
0

2
þ d

2
X� þ b2Peh

6
X� �X þ X�

2

� �� 	)
ð53Þ

and

cl1 Yð Þ ¼ Pem Y

2
Y � Y0ð Þ � 1

Y0 þ f þ b2Pem
3

Y � Y0

2

� �� 	
(54)

Tl
1 Yð Þ ¼ Y

(
Tmax
1

Y0 � Peh Y � Y0ð Þ

� � Tmax
0

2Y 0 þ f

2
þ b2Pem

6
Y � Y0

2

� �� 	)
: ð55Þ

The convective corrections to the annulment positions are
calculated from Eqs. 30 to 39:

X1
� ¼ � 1

b2
1

3
þ

ffiffiffi
2

p
d

2 b
ffiffiffiffiffiffiffiffi
Pem

p
� �

; (56)

Y0
1 ¼

1

b2
1

3
�

ffiffiffi
2

p
f

2 b
ffiffiffiffiffiffiffiffi
Pem

p
� �

: (57)
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When similar equations are written for temperature, two
estimates for the maximum temperature correction arise.

They can be expressed by Tmax
1 ¼

ffiffi
2

p
Peh

3 b
ffiffiffiffiffiffi
Pem

p Peh
Pem

1� Pem
Peh

��� ���.
The constants b2, d, and f are determined by an integral
method where the approximated solutions are required to sat-
isfy simplified differential equations and boundary conditions
on average over the thickness of the boundary layers (a simi-
lar approximation is described elsewhere15,16). So, for
gT\\1, the conditions for these constants determination are
as follows:

ZX�
0

0

1

Peh

d2Tr
0

dX2
þ exp uTr

0

� �
 

dX ¼ 0; (58)

ZX�
0

0

1

Peh

d2Tr
1

dX2
þ u b2 Tr

1 þ
dTr

0

dX


 

dX ¼ 0; (59)

ZY0
0

0

1

Peh

d2Tl
1

dY2
þ u b2 Tl

1 �
dTl

0

dY


 

dY ¼ 0: (60)

Integrating Eqs. 58–60, after substitution of the previous
approximate temperature profiles (Eqs. 46, 53, and 55),
yields:

b2 ¼
ffiffiffi
p

p
2

exp u
Peh
Pem

� � erf
ffiffiffiffiffiffiffiffiffiffiffi
u Peh

Pem

q
ffiffiffiffiffiffiffiffiffiffi
u Peh

Pem

q ; (61)

d ¼ u bPehffiffiffiffiffiffiffiffiffiffiffiffi
2Pem

p 1þ 2 1� Pem=Pehj j
6Pem=Peh � u

; (62)

and

f ¼ � u bPehffiffiffiffiffiffiffiffiffiffiffiffi
2Pem

p 1� 2 1� Pem=Pehj j
6Pem=Peh � u

: (63)

The leading-order problem in the boundary layers assumes
a reaction-diffusion dominant balance, so the solution given
by Eqs. 45–51 and 61 can be directly compared with the
exact analytical solutions at high Thiele modulus for the
problem of exothermic zero-order reaction in a catalyst slab
where mass/heat transfer occurs solely by diffusion/conduc-
tion. For slab geometry, when c b/2 > 0:878 (at high Thiele
modulus), there is only one steady state solution for the dif-
fusive-reactive problem20,22,24 with

x� ¼ �x0ð Þ ¼ 1�
ffiffiffi
2

p

/
sech�1e�c b=2ffiffiffiffiffiffiffiffiffiffiffiffiffi

c b ec b
p : (64)

This result agrees with our perturbation solutions, Eqs. 50 and
51, if b �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c b ec b

p .
sech�1 e�c b=2

� �
, with b from Eq. 61. This

comparison is plotted in Figure 6 for several values of cb.
At high Thiele modulus, the temperature and concentra-

tion variation is concentrated in thin boundary layers, so the
parabolic approximation in Eqs. 45–48 is a reasonable one,
which proves to be in excellent agreement with exact
analytical results,22 as shown in Figure 7. The leading-order
temperature profile in the middle region (Eq. 49) is Prater’s
maximum temperature estimate for reaction-diffusion
problems.

In the isothermal limit (u ! 0, b2 ! 1, and d; f ! 0), x�

and x0 calculated from Eqs. 50, 51, 56 and 57 yield

Figure 6. Concentration annulment positions in the dif-
fusive limit for an exothermic zero-order
reaction.

Comparison between the exact analytical solution22 and per-
turbation solutions in the limit of negligible convection
(Eqs. 50 and 51 with 61). For c b � 0:1, exact and approxi-
mate results coincide.

Figure 7. Temperature profiles in the right boundary
layer (next to x 5 1) in the diffusional regime
for c 5 20, b 5 0.1, Pem 5 10, Peh 5 5, and
/ 5 10,50,100.

The leading-order perturbation solutions (dashed lines) are
compared with the exact analytical results (solid lines) by
Aris.22
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x� ! 1 �
ffiffiffiffiffiffiffiffi
2

Pem

r ffiffi
e

p þ 1

3
eþ O e3=2

� �
; (65)

x0 ! �1þ
ffiffiffiffiffiffiffiffi
2

Pem

r ffiffi
e

p þ 1

3
e þ O e3=2

� �
: (66)

In the analysis of convection and diffusion with zero-order
isothermal reaction, Rodrigues et al.3 calculate x� and x0 by
solving numerically two nonlinear algebraic equations. We
can find an approximate solution for those equations by per-
turbation techniques, for e ¼ Pem

�
/2\\1. The result of that

calculation reproduces Eqs. 65 and 66.

Regime III (Strong intraparticular convection regime)

A third regime, where intraparticular convection domi-
nates mass and heat transport, can be studied for parameters
obeying the following conditions:

/2

Pem
� 1 and

1

Peh
;

1

Pem
\\1: (67)

Therefore, e ¼ 1=Pem is taken as the perturbation parameter
(also 1=Peh � e). Because the reaction term in Eq. 6 is defined
by two branches, the situation with concentration annulment
needs to be treated separately from the one where no reactant
exhaustion occurs.

No Annulment of Reactant Concentration Inside the
Particle (Regime IIIa). In this situation, the solution struc-
ture includes an outer region in the left-middle section of the
slab and a boundary layer next to x ¼ 1. For gTl

0\\1, the
leading order solution for most part of the slab is

Tl
0 ¼ � 1

u
ln 1� u/2

Pem
xþ 1ð Þ

� 	
(68)

and

cl0 ¼ �Tl
0 ¼

1

u
ln 1� u/2

Pem
xþ 1ð Þ

� 	
: (69)

In the diffusive-convective boundary layer at the slab’s
right surface,

cr0 Yð Þ ¼ a1 1� exp �Yð Þ½ � (70)

Tr
0 Yð Þ ¼ a2 1� exp � Peh

Pem
Y

� �� 	
(71)

where Y ¼ 1� xð Þ=e and the integration constants are a1 and
a2 (determined by matching with the outer solution, Eqs. 68
and 69). With O 1ð Þ terms, the matching principle is simply19:

lim
Y!1

cr0 ¼ lim
x!1

cl0

lim
Y!1

Tr
0 ¼ lim

x!1
Tl
0:

Taking the limits of Eqs. 68–71:

a1 ¼ �a2 ¼ 1

u
ln 1� 2u/2

Pem

� 	
: (72)

Matching between the two solutions is possible only if

2u/2

Pem
\1: (73)

If condition in Eq. 73 is not met then a solution valid for
the whole slab can not be obtained. This suggests that, for
typical parameter values, these solutions are only suitable for
low Thiele modulus range. They will be useful for describ-
ing a regime near the ‘‘chemical regime,’’ but with strong
convection. An additional term was calculated at O eð Þ, but it
was found to have negligible contribution to the complete
solution.

Composite Solution. The final composite solution, valid
across the whole catalyst, is given by

ccomp
0 xð Þ ¼ cl0 xð Þ þ cr0 Pem 1� xð Þð Þ � lim

Y!1
cr0 Yð Þ; (74)

Tcomp
0 xð Þ ¼ Tl

0 xð Þ þ Tr
0 Pem 1� xð Þð Þ � lim

Y!1
Tr
0 Yð Þ: (75)

Substituting Eqs. 68–71 into Eqs. 74–75:

cðxÞ ¼ 1

u
ln 1� u/2

Pem
xþ 1ð Þ

� 	

� 1

u
ln 1� 2u/2

Pem

� 	
e�Pem 1�xð Þ þ O

1

Pem

� �
ð76Þ

TðxÞ ¼ � 1

u
ln 1� u/2

Pem
xþ 1ð Þ

� 	

þ 1

u
ln 1� 2u/2

Pem

� 	
e�Peh 1�xð Þ þ O

1

Pem

� �
: ð77Þ

Figure 8 provides a comparison of the analytical results
(Eqs. 76 and 77) with numerical solutions from gPROMS.23

The outer and inner branches of the solution (Eqs. 68, 69,
70 and 71, respectively) are also represented.

In this regime, we expect the minimum concentration to
be close to surface concentration. We calculate it from
dc=dx jxmin

¼ 0, which yields

cmin ¼ 1

u
ln 1� u/2

Pem
xmin þ 1ð Þ

� 	

� 1

u
ln 1� 2u/2

Pem

� 	
e�Pem 1�xminð Þ ð78Þ
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with

xmin ¼ 1� 1

Pem
ln 2� Pem

u/2

� �
Pem ln 1� 2u/2

Pem

� 	
 

: (79)

In the isothermal limit (u ! 0), Eqs. 78 and 79 become:

xmin ! 1� ln 2Pemð Þ
Pem

(80)

and

cmin ! � /2

Pem
2� ln 2Pemð Þ

Pem
� 1

Pem

� �
: (81)

These results are in very good agreement with Eqs. 17 and 16
(which reproduce exact analytical solutions for isothermal
conditions3).

Concentration Annulment Inside the Particle (Regime
IIIb). Another important situation is the one in which the
reactant concentration is depleted in a region inside the
particle (Figure 4). The outer solution for the left region
(Eq. 69) takes the zero concentration value at
~x ¼ �1þ Pem 1� e�uð Þ� u/2

� �
. For x > ~x, the solution

should approach cm xð Þ ¼ �1 and the chemistry-free equa-
tions for temperature must be used (which predict uniform
temperature profile). Finally, the diffusive-convective bound-
ary layer (predicted from independent variable stretching in
the previous section) allows the right boundary condition to
be fulfilled. This structure can only exist if ~x\1 or

/2

Pem
>

1� e�u

2u
: (82)

Because the left region solution Eqs. 68 and 69 predicts
cl0 ¼ �Tl

0, profile continuity between the two branches of the
solution will require Tm

0 ¼ 1. Matching of the boundary layer
at x ¼ 1 with the middle region implies: a1 ¼ �a2 ¼ �1. A
smooth composite solution uniformly valid requires a more
complex mathematical structure. Nevertheless, these three in-
dependent branches should be good estimates for the profiles
in each region. We shall use these results to estimate the
effectiveness factor in this regime.

In the isothermal limit of this strong convective regime,
asymptotic expressions for the concentration annulment
points are available3: x0 ¼ �1þ Pem

�
/2 (left side) and

x� ¼ 1� ln Pe2m
�
/2

� ��
Pem (right side). The first result is in

agreement with the isothermal limit of ~x (for u ! 0). A per-
turbation analysis of the exact nonlinear equation from
which x� is calculated, suggests rescaling of 1� x�ð Þ by
e ¼ 1=Pem and is therefore consistent with the thickness of
the boundary layer predicted in the previous section.

Transition Between Regimes II and IIIb. Comparing the
solution structure described earlier (for Regime IIIb) with
the one built for diffusional regime (Regime II), it is possi-
ble to obtain simple order of magnitude relations concerning
the transition between these two particular limits. Although
both situations refer to high Thiele modulus, solutions of
Eqs. 40 and 41 were found for Pem; Peh � 1, whereas the
results obtained for Regime IIIb only have meaning when
convection is high. Nevertheless, when the thicknesses of the
regions near x ¼ �1 become comparable (x0 � ~x):

Pem �
ffiffiffi
2

p
/

u
b 1� e�uð Þ (83)

with b given by Eq. 61.
In the isothermal limit, Eq. 83 yields Pem � ffiffiffi

2
p

/ . This
means that, at high Thiele modulus, the effect of convection
is felt only for Pem > / . The corrective factor in Eq. 83
applies when an exothermic reaction is occurring and
increases the mass Peclet number needed for the effect of
convection to be observed, when Le > b= c bð Þ.

At the right surface, we require the position x� in the
diffusional regime to be of the same order of the diffusive-
convective boundary layer thickness, when convection is
strong 1=Pemð Þ. This implies Pem � b/

� ffiffiffi
2

p
or

Figure 8. Comparison between composite solutions
Eqs. 76 and 77, numerical results and contri-
butions from outer and inner regions for
u ¼ 4, /2 ¼ 0:82, Pem ¼ 10, and Peh ¼ 5.

(a) Reactant concentration profile. (b) Temperature profile.
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Pem � /
� ffiffiffi

2
p

(isothermal reaction). A transition region
around these curves can be represented for the isothermal
case (see Figure 1) and for the exothermic case (Figure 9).

Maximum temperature estimate

When mass/heat transfer occurs solely by diffusion/con-
duction, it is possible to establish a simple relationship
between concentration and temperature profiles, from which
an a priori estimate for the maximum temperature can be
obtained.25,26 Such result provides a useful measure for in-
ternal nonisothermal effects, and an indication on whether
the temperature exceeds some critical value for operation or
not.

For the regimes outlined earlier, it is possible to obtain
estimates for the maximum temperature attained in the parti-
cle, when convection is also present (Table 1). At low Thiele
modulus (Regimes I and IIIa), the temperature inside the
particle is close to the surface value (Eqs. 87 and 91). For
materials with high conductivity or when no convection
exists (Peh ! 0), T̂max ! T̂s. It can be shown that according
to Eq. 87: T̂max

�
T̂s ! 1þ b/2

�
2 (for /2\\1). On the other

hand, for poorly conductive catalysts Peh ! 1,
T̂max

�
T̂s ! 1þ 2 b/2

�
Peh.

Under ‘‘diffusional regime’’ conditions, the correction
brought by convection to the diffusive leading-order result
T̂max ¼ T̂s 1þ bð Þ� �

is of order
ffiffi
e

p ¼ ffiffiffiffiffiffiffiffi
Pem

p �
/. For Le ¼ 1,

the maximum temperature change (Eq. 89) reduces to the
characteristic diffusive value, which equals the adiabatic
temperature rise.

In Regime IIIb, where convection is strong and the
solution includes a region where annulment occurs, the max-
imum temperature is obtained at the same position where
concentration reaches annulment (no increase is expected in
the middle solution, which is a plateau, or in the boundary
layer). It may be shown (Eq. 94) that the maximum tempera-
ture change is equal to the adiabatic temperature rise after
complete reaction in a catalyst slab with initial uniform
surface-like reactant concentration Tmax � �cmin � 1

� �
:

T̂max
�
T̂s � 1þ b Pem=Peh. This was also obtained in the

perturbation analysis for first-order reactions in the convec-
tive regime.15 The leading-order estimates for maximum
temperature, in each regime, are indicated in Figure 9.

Effectiveness factor approximation

The performance of the catalyst particle in the regimes
described may be quantified by the effectiveness factor,
defined by Eq. 7. In general, the calculation is rather
straightforward, especially in the regimes with uniformly
valid solutions. So, differentiation of Eqs. 13, 41, and 76
yields direct estimates for the effectiveness factor in
Regimes I, II, and IIIa, as shown in Table 1.

In the ‘‘chemical regime,’’ the effectiveness factor is close
to unity. Taking the limit of Eq. 86, when Peh ! 0 (when
there is no convection or when the catalyst is highly conduc-
tive), gives Eff ! 1þ c b/2

�
3

This result is also obtained by perturbation analysis for a
zero-order reaction, with no convection, in the low Thiele
modulus regime. For strong convection (Peh ! 1) or under
isothermal conditions (b ! 0), the leading-order estimate is
again Eff ! 1. The results for Regime IIIa (Eq. 90), where
convection is strong, agree qualitatively with this result.

In the ‘‘diffusional regime,’’ the leading-order estimate for
the effectiveness factor (from Eq. 88) is

Eff ¼
ffiffiffi
2

p
b

/
: (84)

We expect this result to agree with the effectiveness factor
calculated for the explosive branch22 of the diffusion-reaction
problem. This is the case if b2 � ec b � 1

� ��
c bð Þ agrees with

Eq. 61. The agreement is indeed very good, especially for
c b\2. In the isothermal diffusive limit, Eq. 88 retrieves the
well-known result, Eff ¼ ffiffiffi

2
p �

/.
For Regime IIIb, an approximate result was obtained by

considering the solution structure previously described. If we

Figure 9. Regime diagram for an exothermic zero-order
reaction in permeable catalyst slab.

Shown are the leading-order estimates for the effectiveness
factor and maximum temperature in each of the studied
regimes, for Le � 1. Approximate boundaries between
strong convective-reactive regimes are also presented.

Figure 10. Effectiveness factor plot in the four regimes
studied (Eqs. 86, 88, 90, and 93).
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use a two-term expansion to describe the concentration pro-
file in each region, Eq. 7 yields:

Eff � 1

2/2

dcr0
dx

����
x¼1

þe
dcr1
dx

����
x¼1

�dcl0
dx

����
x¼�1

�e
dcl1
dx

����
x¼�1

� �
: (85)

We note that cl0 xð Þ is given by Eq. 69 and cr0 xð Þ by Eq. 107
with a1 ¼ �1. To evaluate the remaining terms in Eq. 85, we
calculate cl1 xð Þ from the O eð Þ subproblem and dcr1

�
dx
��
x¼1

is
obtained integrating the O eð Þ mass balance over the boundary

layer with thickness e � 1=Pem. That is, for gTr
0\\1:

dcr1
dx

����
x¼1

¼ 1

e2
/2

Pem

Z1

1�1=Pem

exp uTr
0

� �
dx � 1

e2
/2

Pem

eu þ 1

2

1

Pem

� �

where the integral on the right-hand side of this equation is
evaluated using the trapezoidal rule between the surface and
the maximum temperature values. Substituting these results
into Eq. 85, gives an estimate for the effectiveness factor in

Table 1. Effectiveness Factor and Maximum Temperature Approximations

Regime I

/2

Pem
\\1;

1

Pem
;
1

Peh

Eff ¼ 1þ u
/2

Pem

e2Peh þ 1

e2Peh � 1
� 1

Peh

� 	
þO

/4

Pe3m

� �
ð86Þ

T̂max

T̂s
¼ 1þ b

/2

Pe2h

ln 2 e2Peh½ �
e2Peh � 1

þ ln
e2Peh � 1

2Peh

� 	
� 1


 

þ O

/4

Pe2m

� �
ð87Þ

Regime II

/2

Pem
>> 1;

1

Pem
;

1

Peh

Eff ¼
ffiffiffi
2

p
b

/
þ u

Pem

/2
1� Peh

Pem

����
���� 6

Pem
Peh

� u

� ��1

þO
Pem

/4

� �
ð88Þ

T̂max

T̂s
¼ 1þ b 1þ

ffiffiffi
2

p
Pem

3 b/
1� Peh

Pem

����
����

� �
þO

Pem

/2

� �
ð89Þ

Regime III

/2

Pem
� 1 and

1

Peh
;

1

Pem
\\1

IIIa: For
2u/2

Pem
\1,

Eff ¼ Pem

2u/2
e�2Pem � 1
� �

ln 1� 2u/2

Pem

� 	
� 1

Pem
1� 2u/2

Pem

� 	�1

þO
1

/2Pem

� �
ð90Þ

T̂max

T̂s
¼ 1� b

c
ln 1� u/2

Pem
xmax þ 1ð Þ

� 	
þ b

c
ln 1� 2u/2

Pem

� 	
e�Peh 1�xmaxð Þ ð91Þ

with xmax ¼ 1� 1

Peh
ln 2� Pem

u/2

� �
Peh ln 1� 2u/2

Pem

� 	
 

ð92Þ

IIIb: For /2

Pem
> 1�e�u

2u ,

Eff ¼ Pem

2/2
þ 3þ eu

4Pem
þ /2

Pem

u
2Pe2m

þO
1

Pe3m

� �
ð93Þ

T̂max

T̂s
� 1þ b

Pem
Peh

þO
b

Pem

� �
ð94Þ

where: b2 ¼ ffiffiffi
p

p
exp c bð Þ erf ffiffiffiffiffiffi

c b
p �

2
ffiffiffiffiffiffi
c b

p� �
and u ¼ c bPem=Peh.
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Regime IIIb (Eq. 93). If we take the limit of Eq. 93 for u ! 0
(b ! 0), we obtain

Eff � Pem

2/2
þ 1

Pem

This solution is in excellent agreement with the asymp-
totic limit for high Pem (maximum error of 5% for
Pem � /2 � 10) presented by Rodrigues et al.3 for the iso-
thermal case. Also, for strong convection the maximum
effectiveness factor is given by Eff � Pem

�
2/2
� �

. This
result also appeared in the analysis for first-order reaction by
Cardoso and Rodrigues,15 although they were able to find
the full concentration and temperature profiles in this regime.
In these cases and when mass and thermal diffusivities are
comparable, the performance of the catalyst depends at O 1ð Þ
on the Thiele modulus and intraparticular mass Peclet num-
ber but not on any information regarding heat transfer or
generation mechanisms (u or Peh). Note that, for strong con-
vective regimes, the contribution of the profile near x ¼ �1
for the effectiveness factor is negligible, because reactant
concentration decay is slow at the slab’s entrance. All these
results are summarized in Table 1 and plotted in Figure 10.

Conclusions

The analysis of simultaneous convection, diffusion, and
reaction is presented for an exothermic zero-order reaction
occurring in a catalyst slab. Scaling techniques yield simple
order of magnitude estimates for the characteristic tempera-
ture change experienced. We identified the regions in which
the system behaves as isothermal, diffusive, adiabatic, or
‘‘explosive’’ by a 3D regime diagram. In particular, we study
the limits of chemical and diffusional regimes, in the pres-
ence of convection, and a strong convective regime, by con-
ducting suitable perturbation analysis. For each regime, esti-
mates of the effectiveness factor and maximum temperature
are provided (Figure 9). They are consistent with the isother-
mal and diffusive limits, and agree with previous approxi-
mate analytical analysis.15 When intraparticular convection
is the dominating transport mechanism in a system with
Le � 1, the performance of the catalyst depends (to a first
approximation) on the mass Peclet number and Thiele modu-
lus, but not on heat generation or transport. The maximum
temperature was found to coincide with the adiabatic tem-
perature change that one would observe after complete reac-
tion, in a catalyst slab with initial uniform surface-like con-
centration and temperature.

Notation

a1, a2 ¼ integration constants in Eqs. 70 and 71
b ¼ parameter defined in Eq. 61
c ¼ dimensionless concentration of reactant

cn xð Þ ¼ perturbation function of order n for dimensionless
concentration

ĉ ¼ concentration of reactant
ĉs ¼ concentration at the surface of the slab
Cp ¼ specific heat of the catalyst matrix filled with fluid
d ¼ parameter defined in Eq. 62
D ¼ effective reactant mass diffusivity

Eact ¼ reaction activation energy
Eff ¼ effectiveness factor

erf zð Þ ¼ ‘‘error function,’’ defined by erf zð Þ ¼ 2ffiffi
p

p
Rz
0

e�t2 d t
f ¼ parameter defined in Eq. 63

�DHð Þ ¼ heat of the exothermic reaction
k ¼ intrinsic kinetic constant
ks ¼ kinetic rate constant evaluated at the surface temperature of

the catalyst
L ¼ semi-thickness of the slab
Le ¼ Lewis’ number ¼ j=Dð Þ
Peh ¼ intraparticular heat Peclet number ¼ u L=jð Þ
Pem ¼ intraparticular mass Peclet number ¼ u L=Dð Þ
r Tð Þ ¼ dimensionless reaction term defined by Eq. 6

R ¼ ideal gas constant
T ¼ dimensionless temperature

Tn xð Þ ¼ perturbation function of order n for dimensionless
temperature

T̂ ¼ temperature
T̂s ¼ temperature at the surface of the slab
DT̂ ¼ characteristic temperature change

DT̂ad ¼ adiabatic temperature change, which is given by the product
of the heat of reaction and surface concentration divided by
the specific heat and by the mass density

DT̂dif ¼ maximum temperature change observed in a diffusive-
reactive system with concentration annulment

u ¼ superficial fluid velocity
x ¼ dimensionless transverse position within the slab
x̂ ¼ transverse position within the slab
x0 ¼ position where concentration reaches annulment on the left

side of the slab
x� ¼ position where concentration reaches annulment on the right

side of the slab
~x ¼ point where outer solution in Eqs. 69 takes zero

concentration value
X ¼ stretched coordinate in the region near x ¼ 1 in Eq. 22
X� ¼ stretched annulment position near x ¼ 1
X�
n ¼ coefficients in the expansion for X�
Y ¼ stretched coordinate in the region near x ¼ �1
Y0 ¼ stretched annulment position region near x ¼ �1
Y

0
n ¼ coefficients in the expansion for Y0

Greek letters

b ¼ Prater’s parameter ¼ �DHð ÞD ĉs
�

qCp j T̂s
� �� �

d ¼ thickness of the boundary layer
� ¼ small (perturbation) parameter
/ ¼ Thiele modulus ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ks = ĉs Dð Þp� �

/2
� �

crit
¼ critical Thiele modulus value, above which concentration

annulment occurs
c ¼ Arrhenius parameter ¼ Eact

�
R T̂s
� �� �

g ¼ characteristic temperature change normalized by surface
temperature ¼ DT̂

�
T̂s

� �
u ¼ nonisothermal parameter ¼ c gð Þ
j ¼ fluid-filled catalyst effective thermal diffusivity ¼ k

�
qCp

� �
k ¼ effective thermal conductivity of the fluid-filled catalyst
q ¼ density of the catalyst matrix filled with fluid

Subscripts

max ¼ maximum
min ¼ minimum

n ¼ order of the perturbation function

Superscripts

comp ¼ composite
l ¼ left
m ¼ middle

max ¼ maximum
min ¼ minimum

r ¼ right
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